Abstract. Let Mod(N n g ) be the mapping class group of a nonorientable surface of genus g ≥ 5 with n ≥ 0 punctures. We prove that the outer automorphism group of Mod(N n g ) is trivial. This is an analogue of Ivanov's theorem on automorphisms of the mapping class groups of an orientable surface, and also an extension and improvement of the first author's previous result.
Introduction
Let Σ n g,b (resp. N n g,b ) denote the orientable (resp. nonorientable) surface of genus g with b boundary components and n punctures (or distinguished points). Let Mod(N n g,b ) denote the mapping class group of N n g,b , which is the group of isotopy classes of all diffeomorphisms of N n g,b , where diffeomorphisms and isotopies are the identity on the boundary. The mapping class group Mod(Σ n g,b ) is defined analogously, but we consider only orientation preserving maps. The pure mapping class groups PMod(Σ n g,b ) and PMod(N n g,b ) are the subgroups of Mod(Σ n g,b ) and Mod(N n g,b ) respectively, consisting of the isotopy classes of diffeomorphisms fixing each puncture. We denote by PMod + (N n g,b ) the subgroup of PMod(N n g,b ) consisting of the isotopy classes of diffeomorphisms preserving local orientation at each puncture. If b or n equals 0, then we drop it from the notation.
The first author proved in [2] that the outer automorphism group of Mod(N g ) is cyclic for g ≥ 5. In this paper we improve this result and also extend it to the case of surfaces with punctures. Theorem 1.1. The outer automorphism group Out(Mod(N n g )) is trivial for g ≥ 5 and n ≥ 0.
The analogous theorem for the mapping class group of an orientable surface is due to Ivanov [4] , who proved that if Σ is an orientable surface of genus g ≥ 3, then every automorphism of Mod(Σ) is induced by a diffeomorphism of Σ, not necessarily orientation preserving one. Later, Ivanov and McCarthy [5] proved (among other things) that any injective endomorphism of Mod(Σ) must be an isomorphism. Finally, by recent results of Castel [3] and Aramayona-Souto [1] , any nontrivial endomorphism of Mod(Σ) must be an isomorphism.
Similarly as in [4] and [5] , the main ingredient of our proof of Theorem 1.1 is an algebraic characterization of Dehn twists (Theorem 2.3), from which we conclude that any automorphism of Mod(N n g ) maps Dehn twists on Dehn twists. However, unlike for orientable surfaces, Mod(N n g ) is not generated by Dehn twists (and neither are PMod(N n g ) and PMod + (N n g ), see [6] and [12] ). It seems reasonable to expect that Theorem 1.1 is true also for g < 5, provided that n is sufficiently big. On the other hand, it is false for g = 2 or 3 and n = 0 [2, Proposition 4.5] .
Finally, we note that Theorem 1.1 together with the fact that the center of Mod(N n g ) is trivial [11, Corollary 6.3] , imply that Aut(Mod(N n g )) is isomorphic to Mod(N n g ) for g ≥ 5.
Preliminaries
Let G be a group, X ⊆ G a subset and x ∈ G an element of G. Then C(G), C G (X) and C G (x) will denote the center of G, the centralizer of X in G and the centralizer of x in G, respectively.
Circles and Dehn twists.
By a circle a on a surface S we understand in this paper an unoriented simple closed curve. According to weather a regular neighborhood of a is an annulus or a Möbius strip, we call a twosided or one-sided respectively. If a bounds a disc with at most one puncture or a Möbius band, then it is called trivial. Otherwise, we say that it is nontrivial. Let S a denote the surface obtained by cutting S along a. If S a is connected, then we say that a is nonseparating. Otherwise, a is called separating. If a is two-sided, then we denote by t a a Dehn twist about a. On a nonorientable surface it is impossible to distinguish between right and left twists, so the direction of a twist t a has to be specified for each circle a. Equivalently we may choose an orientation of a regular neighborhood of a. Then t a denotes the right Dehn twist with respect to the chosen orientation. Unless we specify which of the two twists we mean, t a denotes any of the two possible twists. It is proved in [11] that many well known properties of Dehn twists on orientable surfaces are also satisfied in the nonorientable case. We will use these properties in this paper.
For two circles a and b we denote by i(a, b) their geometric intersection number (see [11] for definition and properties). We say that a and b are equivalent if there exists a diffeomorphism h : S → S such that h(a) = b.
We say that a collection of circles C = {a 1 , . . . , a k } is a generic family of disjoint circles if the circles a i are nontrivial, pairwise disjoint, pairwise nonisotopic, and none is isotopic to a boundary component of S. We denote by S C the surface obtained by cutting S along all circles of C.
2.2.
Pants and skirts. We will use some properties of pants and skirts (P-S) decompositions defined in [11, Section 5] . We say that a generic family of disjoint circles C is a P-S decomposition if each a ∈ C is two-sided and each component of S C is diffeomorphic to one of the following surfaces:
• disc with 2 punctures (pantalon of type 1),
• annulus with 1 puncture (pantalon of type 2),
• sphere with 3 holes (pantalon of type 3),
• Möbius strip with 1 puncture (skirt of type 1),
• Möbius strip with 1 hole (skirt of type 2). A P-S decomposition C is called separating if each a ∈ C is a boundary of two different connected components of S C .
Suppose that a is a two-sided circle on S. There exits a P-S decomposition C = {a 1 , . . . , a s } of S, such that each a i is equivalent to a, if and only if S a is connected and nonorientable. Furthermore, if g + n > 3 then such P-S decomposition must be separating.
Proof. The "if" part is left to the reader. Suppose that a is separating. Then all a i are separating. Furthermore, either each a i separates a pantalon of type 1, or each a i separates a skirt of type 1. It follows that s ≤ n, a contradiction. Now suppose that S a i is connected and orientable (this is possible only for even g). Then every component of S C is a pantalon of type either 2 or 3. Note, however, that for i = j the circles a i , a j together separate S (there can be no curve on S disjoint from a i and intersecting a j once; such a curve would be two-sided and one-sided at the same time). It follows that no component of S C is a pantalon of type 3, hence all components are pantalons of type 2. We have s ≤ n, a contradiction. Now suppose that g + k > 3 and a i is a boundary of only one connected component P of S C . Because −χ(S) = g + n − 2 > 1, S C has more then one component. It follows that P must be a pantalon of type 3 and the third boundary component of P must separate S. This is a contradiction, because all a i are nonseparating. Thus C is a separating P-S decomposition of S.
The assertion (a) follows from [11, Proposition 4.4] . To prove (b) we use an idea from the proof of [11, Theorem 6.2] 
It follows that f fixes each circle a i , hence it permutes the connected components S C . Suppose that f interchanges some two components P 1 and P 2 of S C . By the proof of Lemma 2.1, there are no pantalons of type 1 and no skirts of type 1 in the decomposition. Suppose that P 1 and P 2 are skirts of type 2 glued along a circle a i . Then the remaining boundary circles a j ⊂ P 1 and a l ⊂ P 2 must be glued together (a l = f (a j ) = a j ), hence S is the closed nonorientable surface of genus 4. Similarly, if P 1 and P 2 are pantalons of type 2 or 3, then S must be a Klein bottle with two punctures, or a closed nonorientable surface of genus 4 respectively. Since g ≥ 5 by assumption, f fixes each component of S C . Furthermore, since f centralizes the boundary twists of each pantalon, it preserves its orientation. Because the mapping class groups of a pantalon of type 2 or 3, and that of the skirt of type 2 are generated by boundary twists, f is a product of some powers of
and the opposite inclusion is obvious.
Note that (b) of Lemma 2.2 implies that T 1 C is a maximal abelian subgroup of Mod(S). Fix m ≥ 3 and suppose that f ∈ Γ ′ (m) preserves a generic family of disjoint circles C. Then f fixes each circle of C and, furthermore, it can be represented by a diffeomorphism equal to the identity on a regular neighborhood of each circle of C. If the restriction of f to any connected component of S C is isotopic (by an isotopy that does not have to fix pointwise the boundary components of S C ) either to the identity or to a pseudo-Anosov map, then C is called a reduction system for f . The intersection of all reduction systems for f is called the canonical reduction system for f .
2.4.
Algebraic characterization of a Dehn twist. The key ingredient of the proof of our main result is an algebraic characterization of a Dehn twist about a nonseparating circle in the mapping class group. Theorem 2.3 below is an extension of Theorem 3.1 of [2] to punctured surfaces. The proof closely follows Ivanov's ideas [4] . 
Proof. Assume that the above conditions are satisfied, then we have to show that f is a Dehn twist about a nonseparating circle.
Choose any integer k = 0 such that f k ∈ Γ ′ . Because f has infinite order by (ii), f k is not the identity element.
Let C be the canonical reduction system for f k . Let G denote the subgroup generated by the twists about the two-sided circles in C. Set G ′ = G ∩ Γ ′ . Then G and G ′ are free abelian groups. Firstly, we will show that
Since g commutes with f k , it preserves the canonical reduction system C. Because g is pure, it fixes each circle of C and also preserves orientation of a regular neighborhood of each twosided circle of C. It follows that g commutes with each generator G, hence
) and the opposite inclusion is obvious. The assumption C(C Γ ′ (f k )) = Z implies that C contains at most one two-sided circle.
Assume that C has no two-sided circle, so that C = {c 1 , · · · , c l }, where each c i is a one-sided circle. Then S C is connected. Let Stab + (C) be the subgroup of Mod(S) consisting of elements fixing each circle of C and preserving its orientation. Note that
where Z l is the subgroup generated by the boundary twists of S C (see [10, Section 4] ). We also have an isomorphism Mod(S C )/Z l → PMod + (S ′ ), where S ′ is the surface obtained by collapsing each boundary component to a puncture. By composing these two maps we obtain an isomorphism θ : Stab
. Because C is the canonical reduction system for f k , θ(f k ) is either the identity or pseudo-Anosov. In the former case f k must be the identity, a contradiction.
is pseudoAnosov, θ(H) must have rank 1. This is a contradiction, as H has rank s > 1.
We have C = {c 1 , · · · , c l , a}, where a is a two-sided circle and each c i is one-sided. Let D be the subgroup generated by f k and the twist about a and denote the intersection
and hence D ′ is isomorphic to Z. It follows that f n 1 = t m a for some integers m and k 1 (possibly greater than k).
Let f 1 , . . . , f s be the elements from condition (ii). For 1 ≤ i ≤ s we have f
a i for some circle a i equivalent to a 1 = a. We claim that C = {a 1 , . . . , a s } is a P-S decomposition of S. If not, then we can complete C to a P-S decomposition C ′ . Let T C ′ be the free abelian group generated by twists about the circles of C ′ . We have
It follows from Lemma 2.1 that a 1 is nonseparating and has nonorientable complement.
The proof of the opposite implication is straightforward and left to the reader (see [4] ).
Remark 2.4. It follows from condition (iii) that the group K from (ii) is a maximal abelian subgroup of Mod(S). However, if g is even, then the rank of K, which equals 3g−8 2 + n, is not the maximal rank of an abelian subgroup of Mod(S), as there exist subgroups of rank 3g−6 2 +n. We illustrate this on an example for g = 8. In Figure 1 (a) the abelian subgroup K of rank 8, which is generated by the Dehn twists about the curves a 1 , · · · , a 8 , is maximal. However, in Figure 1 (b) the abelian subgroup K of rank 8, which is again generated by the Dehn twists about the curves a 1 , · · · , a 8 , is not maximal. It becomes maximal only if the Dehn twist about the curve a 9 is also added to the subgroup. Note that a 9 has orientable component. It is not difficult to show that 3g−8 2 + n is the maximal rank of an abelian subgroup of Mod(S) generated by Dehn twists about nonseparating curves with nonorientable complements. 
) is a Dehn twists about a nonseparating circle with nonorientable complement, then so is ϕ(f ).
Proof. Fix m ≥ 3. Because f satisfies the conditions (i), (ii), (iii) of Theorem 2.3 with Γ ′ (m) as Γ ′ , it follows that ϕ(f ) also satisfies (i), (i), (iii) of Theorem 2.3 with
2.5. Chains. A sequence (a 1 , . . . , a k ) of circles is called a chain if i(a i , a i+1 ) = 1 for 1 ≤ i ≤ k − 1 and i(a i , a j ) = 0 for |i − j| > 1. The integer k ≥ 1 is called the length of the chain. If all circles in a chain are two-sided, then a regular neighborhood of the union of these circles is orientable. Let t a i be right Dehn twists with respect to some orientation of such a neighborhood
Conversely, if a sequence of Dehn twists (t a 1 , · · · , t a k ) satisfies (a) and (b), then (a 1 , . . . , a k ) is a chain, and the twists are right with respect to some orientation of a regular neighborhood of the union of the circles of the chain (see [11, Section 4] ). A sequence of Dehn twists satisfying (a) and (b) will also be called a chain. Observe that if (a 1 , a 2 ) is a 2-chain of two-sided circles, then S a i must be connected and nonorientable for i = 1, 2.
2.6. Trees. We will now define a tree of circles (and Dehn twists) as a generalization of a chain. Suppose that C is a collection of circles, such that i(a, b) ∈ {0, 1} for all a, b ∈ C. Let Γ(C) be a graph with C as the set of vertices, and where a and b are connected by an edge if and only if i(a, b) = 1. We will call C a tree if and only if Γ(C) is a tree (connected and acyclic). If all circles in a tree are two-sided, then a regular neighborhood of the union of these circles is orientable. Let t a be right Dehn twists with respect to some orientation of such a neighborhood for a ∈ C. Then (a') t a t b t a = t b t a t b if a and b are connected by an edge, (b') t a t b = t b t a otherwise.
Conversely, suppose that T = {t a : a ∈ C} is a set of Dehn twists for some set of circles C, where each two twists of T either commute, or satisfy the braid relation. Then the geometric intersection number of the underlying circles is, respectively, either 0 or 1. We say that T is a tree of twists if and only if C is a tree. Note that all twists of a tree are right with respect to some orientation of a regular neighborhood of the union of the underlying circles.
The following corollary follows immediately from Corollary 2.5
Corollary 2.6. Let g ≥ 5 and suppose that ϕ :
) is an isomorphism. If T = {t a : a ∈ C} is a tree of Dehn twists of cardinality at least 2, then ϕ(T ) is also a tree of Dehn twists for some set of circles C ′ , such that Γ(C) and Γ(C ′ ) are isomorphic (as abstract graphs).
2.7. Nonorientable triangle. Suppose that t a , t b , t c are Dehn twists about circles a, b, c. We say that (t a , t b , t c ) is a nonorientable triangle of Dehn twists if and only if the following braid relations hold in the mapping class group: Conversely, it is not difficult to find a nonorientable triangle of twists in Mod(N 4,1 ). This implies the following corollary. 
Automorphisms of Mod(N n
g ) The aim of this section is to prove Theorem 1.1. We will use the following lemma proved in [4] . Lemma 3.1 (Ivanov) . Let H be a normal subgroup of a group G such that
Let D and E be the trees of circles from Figures 2 and 3. We will abuse notation and denote by the same symbols the corresponding trees of Dehn twists. Let Σ g,n+1 (resp. Σ g,n+2 ) be a subsurface of N n 2g+1 (resp. N n 2g+2 ), supporting D (resp. E), obtained by removing from N n 2g+1 (resp. N n 2g+2 ) n open discs, each containing one puncture, and a Möbius band (resp. an annulus with core a).
). It can be easily deduced from the main result of [7] that H is generated by twists of Γ. Thus Figure 3 . The tree of circles E on N n 2g+2 . Proof. Let H denote the image of Mod(Σ g,n+2 ) in Mod(N n h ). Similarly as in the odd genus case, H is generated by twists of Λ, thus C Mod(N n h ) (Λ) = C Mod(N n h ) (H). Note that t a ∈ H, because a is isotopic to a boundary component of Σ g,n+2 . Set E ′ = E ∪ {t a }\{t a 4i−2 : 1 ≤ i ≤ g}. The curves supporting the twists of E ′ form a separating P-S decomposition of N n h . Let h ∈ C Mod(N n h ) (H). By a similar argument as in the proof of (b) of Lemma 2.2, h = t m a t m i a i for some integers m i and m, where the product is taken over all t a i ∈ E ′ \{t a }. By the same argument as in the proof for odd genus, all m i = 0, hence h = t m a . The following lemma is well-known (see [ Lemma 3.6. Suppose that h = 2g + 1 (resp. h = 2g + 2) for g ≥ 2 and ϕ :
Proof. Suppose h = 2g + 1. By Corollary 2.6, ϕ(Γ) is a tree of Dehn twists for which the underlying tree of circles is isomorphic (as abstract graphs) to that of Γ. For
. These circles may be chosen to intersect each other minimally.
Let M be a closed regular neighborhood of the union of c i and d j for t c i , t d j ∈ ϕ(Γ). Note that M is an orientable surface of genus g with n + 2 (or 3 if n = 0) boundary components. Similarly, let M ′ ⊂ Σ g,n+1 be a closed regular neighborhood of the union of the curves supporting Γ. Orient M and M ′ so that t a i , t b j and t c i , t d j are right Dehn twists. Fix an orientation preserving diffeomorphism
is some (possibly nontrivial) permutation of (d 1 , . . . , d n−1 ). The neighborhood M and the curves supporting ϕ(Γ) are shown on Figure 6 . By Lemma 3.2, C Mod(N n h ) (ϕ(Γ)) = ϕ(C Mod(N n h ) (Γ)) = 1. It follows that Dehn twists about the boundary components of M are trivial, hence each component of ∂M bounds either a Möbius band or a disc with 0 or 1 puncture. It is clear that exactly 1 component bounds a Möbius strip, and exactly n components bound once-punctured discs.
Consider the component u of ∂M which bounds a pair of pants together with c ′ 1 and c ′ 3 . By Corollary 2.8, C Mod(N n h ) {t a 1 , t a 3 } contains no orientation reversing triangle, hence neither does C Mod(N n h ) {t c 1 , t c 3 }. It follows that u bounds a Möbius strip, for otherwise c 1 and c 3 would separate a nonorientable subsurface of genus ≥ 4.
Suppose (g, n) = (2, 0) and consider the component v of ∂M which bounds a 4-holed sphere together with c 5 , c 4 and c ′ 1 . For i = 1, 3 set x i = (t a 5 t a 6 t a 4 t a 2 t a i ) 6 and y i = (t c 5 t c 6 t c 4 t c 2 t c ′ i ) 6 .
Suppose that (c ′ 1 , c ′ 3 ) = (c 3 , c 1 ). Then ϕ(x 3 ) = y 1 . By Lemma 3.4, x 3 is a product of 2 twists commuting with t a 1 , whereas y 1 does not commute with t c ′ 3 , a contradiction. Hence c ′ i = c i for i = 1, 3. It also follows that y 3 commutes with t c 1 , which implies that v bounds a non-punctured disc.
It is now clear that f 0 can be extended to f : N n h → N n h . We have ϕ(t a i ) = f t a i f −1 for all t a i ∈ Γ. Since each t a j ∈ D can be expressed in terms of t a i ∈ Γ, we have ϕ(t a j ) = f t a j f −1 for all t a j ∈ D. It remains to prove that
We proceed by induction. Consider the once-punctured annulus A 1 , whose boundary is the union of b 1 and a 4g−3 . Let u 1 be the boundary of a small disc contained in A 1 and containing the puncture. Let w 1 be the expression for t u 1 in terms of t a j ∈ D, given by relation (R5) of [7, Theorem 3.1] . Now ϕ(w 1 ) is equal to a twist about the circle bounding a disc containing all punctures of the annulus A ′ 1 , whose boundary is the union of d 1 and f (a 4g−3 ). Since t u 1 = 1, we have ϕ(w 1 ) = 1. It follows that A ′ 1 contains only 1 puncture, hence
Consider the once-punctured annulus A k , whose boundary is the union of b k−1 and b k . Let u k be the boundary of a small disc contained in A k and containing the puncture. Let w k be the expression for t u k in terms of t a j ∈ D and t b k−1 , given by relation (R6) of [7, Theorem 3.1] . Now ϕ(w k ) is equal to a twist about the circle bounding a disc containing all punctures of the annulus A ′ k , whose boundary is the union of d k and d k−1 . As above, it follows that
we proceed as above, to obtain a diffeomorphism f 0 : M ′ → M , where M (resp. M ′ ) is a regular neighborhood of the union of the circles supporting ϕ(Λ) (resp. Λ), such that f 0 (a 2i ) = c 2i for 1
Note that M and M ′ are orientable of genus g with n + 3 (or 4 if n = 0) boundary components (see Figure 7) . By Lemma 3.3, Consider components u 1 , u 2 of ∂M , each bounding a pair of pants together with two circles from {c ′ 0 , c ′ 1 , c ′ 3 }. By Corollary 2.8, C Mod(N n h ) {t a i , t a j } contains no orientation-reversing triangle for all i, j ∈ {0, 1, 3}, hence neither does C Mod(N n h ) {t c i , t c j }. It follows that u 1 and u 2 bound an annulus (exterior to M ) such that the union of M and that annulus is a nonorientable surface of genus 2g + 2 = h. Otherwise the complement of some c i ∪ c j for i, j ∈ {0, 1, 3} would have a nonorientable component of genus ≥ 4.
For i ∈ {0, 1, 3} set
Suppose (g, n) = (2, 0) and consider the component v of ∂M which bounds a 4-holed sphere together with c 5 , c 4 and c ′ 1 . It follows from Lemma 3.4 that
commute with y 1 , we have c 1 = c ′ 1 . Furthermore, since t c 1 commutes with y 0 and y 3 , v bounds a non-punctured disc. Now for i = 0, 3 set
Suppose that (c ′ 0 , c ′ 3 ) = (c 3 , c 0 ). Then ϕ(w 0 ) = z 3 . By Lemma 3.4, w 0 is a Dehn twist commuting with t a 3 , whereas z 3 does not commute with t c ′ 0 , a contradiction. It follows that c ′ i = c i for i ∈ {0, 1, 3}. If (g, n) = (2, 0) then we have {t a 0 , t a 1 , t a 3 } ∩ C Mod(N n h ) {x 0 , x 1 , x 3 } = {t a 1 , t a 3 }. It follows that c ′ 0 = c 0 , and by composing f 0 by a suitable diffeomorphism if necessary we may assume c ′ i = c i for i = 1, 3. It is clear that f 0 can be extended to f : N n h → N n h . The rest of the proof follows as in the odd genus case.
For k ∈ {5, 6} let N k,1 be a nonorientable surface of genus k with one boundary component, represented on Figure 8 as disc with k crosscaps. This means that interiors of the k shaded discs should be removed from the disc, and then antipodal points in each of the resulting boundary components should be identified. Let us arrange the crosscaps as shown on Figure 8 and number them from 1 to k. For i ≤ j let c i,j denote the simple closed curve on N k,1 from Figure 8 . Note that c i,j is two-sided if and only if j −i is odd. In such case t c i,j denotes the twist about c i,j in the direction indicated by the small arrows on Figure  8 .
We denote by u the crosscap transposition defined to be the isotopy class of the diffeomorphism of N k,1 interchanging the (k − 1)'st and k'th crosscaps as shown on Figure 9 , and equal to the identity outside a disc containing these crosscaps. . Let K be a regular neighborhood of c 1,6 ∪ c 5,6 ∪ c 6, 6 . Observe that K is a Klein bottle with two holes, whose one boundary component is isotopic to c 1 = c 1,4 . Let c 3 denote the other component of ∂K. We have |c i ∩ c j | = |a i ∩ a j | for all i, j ∈ {0, . . . , 6}. Let M (resp. M ′ ) be a regular neighborhood of the union of c i (resp. a i ) for i ∈ {0, . . . , 6}. Observe that M and M ′ are both diffeomorphic to Σ 2,4 . There is a diffeomorphism θ ′ : M → M ′ such that θ ′ (c i ) = a i for i ∈ {0, . . . , 6}. To see that θ ′ can be extended to an embedding θ 2 : N 6,1 → N n h observe that (1) c 1 , c 4 and c 5 (resp. a 1 , a 4 and a 5 ) bound a pair of pants on N 6,1 (resp. N n h ); (2) c 3 , c 4 , c 5 and ∂N 6,1 bound a 4-holed sphere; (3) two boundary circles of M (resp. M ′ ) bound an annulus with core c 1,6 (resp. a). The conditions (a, b, d, e) follow immediately from the construction of θ 2 : N 6,1 → N n h . Via these embeddings, we will treat N 4+i,1 as a subsurface of N n 2g+i for i = 1, 2. Consequently, we will identify circles on N 4+i,1 with their images on N n 2g+i , and also treat Mod(N 4+i,1 ) as a subgroup of Mod(N n 2g+i ) (in particular t a 5 = t c 1,2 etc.). Since the composition t c k−1,k u is a crosscap slide, the following proposition is an immediate corollary from [12, Theorem 4.1]
) is generated by u and D (resp. E ∪ {t a }).
. Let c be the nontrivial boundary component of a regular neighborhood of the union of the circles supporting D ′ . Then C H {t a 1 , t a 2 } is the free abelian group of rank 2 generated by (t a 1 t a 2 ) 3 and either t c if (g, n) = (2, 0), or (t a 5 t a 6 ) 3 if (g, n) = (2, 0).
Proof. Let d be the boundary of a regular neighborhood of a 1 ∪ a 2 (torus with one hole) and set ρ = (t a 1 t a 2 ) 3 . Then ρ 2 = t d . Since t c can be expressed in terms of twists of D ′ , we have C H {t a 1 , t a 2 } ⊂ C Mod(N n h ) {t c , t d }. It follows that any x ∈ C H {t a 1 , t a 2 } can be represented by a diffeomorphism, also denoted by x, equal to the identity on regular neighborhoods of c and d. The complement of the union of such neighborhoods has three connected components S ′ , S ′′ and N , where S ′ is diffeomorphic to Σ n g−1,1 (containing a 5 and a 6 ), S ′′ is diffeomorphic to Σ 1,1 (containing a 1 and a 2 ), and N is diffeomorphic to N 1,2 . Clearly x preserves each of these components. Furthermore, x restricts to a diffeomorphism x ′ of S ′ , which commutes with all twists of D ′ up to isotopy. Since PMod(S ′ ) is generated by twists of
. By [8, Proposition 5.5 and Theorem 5.6], C Mod(S ′ ) (PMod(S ′ )) = C(Mod(S ′ )) is the infinite cyclic group generated either by t c if (g, n) = (2, 0), or by (t a 5 t a 6 ) 3 if (g, n) = (2, 0) (note that t c = (t a 5 t a 6 ) 6 if (g, n) = (2, 0)). Thus x ′ is isotopic on S ′ to some power of t c (or (t a 5 t a 6 ) 3 ). Analogously, x restricts to a diffeomorphism x ′′ of S ′′ , isotopic on S ′′ to some power of ρ. Finally, since Mod(N ) is generated by the boundary twists, the restriction of x to N is isotopic to the product of some power of t c and some power of t d .
Lemma 3.10. Let h = 2g + 1 for g ≥ 2 and suppose that ϕ is an automorphism of Mod(N n h ) such that ϕ(t) = t for all t ∈ D. Then ϕ restricts to the identity on PMod + (N n h ). Proof. By Proposition 3.8, it suffices to prove ϕ(u) = u. Let M be the subgroup of Mod(N n h ) generated by u, t a 1 and t a 2 . By [9, Theorem 4.1], M is isomorphic to Mod (N 3,1 ). More specifically, it is the mapping class group of the nonorientable subsurface of N n h bounded by the circle c from Lemma 3.9. Set u 2 = u and
The following relations are satisfied in M (see [9] ).
(
Note that e is a Dehn twist about the circle t a 2 u 2 (a 1 ) = a 3 (see (b) and (c) of Lemma 3.7). In particular ϕ(e) = e. Set v = eu
It follows from relations (1, 3, 4, 5) that vt a i v −1 = t −1 a i for i = 1, 2, and
(for the last equality see [9, Subsection 3.2] ). Observe that ϕ(v)v −1 commutes with all twists of D ′ , where D ′ is as in Lemma 3.9, and also with t a i for i = 1, 2. Suppose that (g, n) = (2, 0). By Lemma 3.9,
, hence k = 0. If (g, n) = (2, 0), then by Lemma 3.9, ϕ(v) = v(t a 5 t a 6 ) 3k (t a 1 t a 2 ) 3m , and because 
, a 1 ) = 0 and i(a 4 , a 2 ) = i(a ′ 4 , a 2 ) = 1. From these data, it is not difficult to deduce, using the bigon criterion [11, Poposition 2.1], that i(t m d (a 4 ), a ′ 4 ) = 4|m|, hence m = 0. Lemma 3.11. Let h = 2g + 2 for g ≥ 2 and suppose that ϕ is an automorphism of Mod(N n h ) such that ϕ(t) = t for all t ∈ E ∪ {t a }. Then ϕ restricts to an inner automorphism of PMod + (N n h ). Proof. Let K denote the nonorientable connected component of the surface obtained by removing from N n h an open regular neighborhood of a 1 ∪ a 3 . Thus, K is a Klein bottle with two holes, and the other connected component is diffeomorphic to Σ n g−1,2 . Furthermore, by (e) of Lemma 3.7, K is a regular neighborhood of c 1,6 ∪ c 5,6 ∪ c 6, 6 . We will treat Mod(K) as a subgroup of Mod(N n h ). Set u ′ = ϕ(u). Since u ′ commutes with all twists of E supported on N n h \K, it can be represented by a diffeomorphism supported on K, by a similar argument as in the proof of Lemma 3.9. Hence u ′ ∈ Mod(K). Since u ′ t a 0 u ′ −1 = t −1 a 0 , u ′ preserves the isotopy class of a 0 by [11, Proposition 4.6]. Let S denote the subgroup of Mod(K) consisting of elements fixing the isotopy class of a 0 , and let S + be the subgroup of index 2 of S consisting of elements preserving orientation of a regular neighbourhood of a 0 . Note that every element of S + can be represented by a diffeomorphism equal to the identity on a neighborhood of a 0 . By cutting K along a 0 we obtain a four-holed sphere, and it follows from the structure of the mapping class group of this surface, that S + is isomorphic to Z 3 × F 2 , where the factor Z 3 is generated by t a 1 , t a 3 and t a 0 , and F 2 is the free group of rank 2 generated by t a and ut a u −1 .
Set v = t a u. By [10, Lemma 7.8] we have v 2 = t a 1 t a 3 . Note that v ∈ S\S + . It follows from the previous paragraph, that S admits a presentation with generators t a 1 , t a 0 , t a and v, and the defining relations t a 0 t a = t a t a 0 , vt a 0 = t Let H denote the subgroup generated by t a 0 , t a 1 and v 2 = t a 1 t a 3 . It follows from above presentation that H is normal in S and S/H is isomorphic to the free product Z * Z 2 . More specifically, denoting by A and V the images in S/H of respectively t a and v, we see that S/H has the presentation A, V | V 2 = 1 . Since ϕ(t a i ) = t a i for i = 0, 1, 3 and ϕ(t a ) = t a and u ′ = ϕ(u) ∈ S, ϕ preserves S and, by the same argument, ϕ −1 also preserves S, hence ϕ| S is an automorphism of S. Since ϕ is equal to the identity on H, it induces φ ∈ Aut(S/H). We have φ(A) = A. Note that every element of order 2 in S/H is conjugate to V . In particular φ(V ) is conjugate to V . It is an easy exercise to check, using the normal form of elements of the free product, that in order for φ to be surjective, we must have φ(V ) = A n V A −n for some n ∈ Z.
It follows that ϕ(v) = t k a 1 t l a 3 t m a 0 t n a vt −n a for some integers l, k and m. We have t a 1 t a 3 = ϕ(v 2 ) = t 2k+1 a 1 t 2l+1 a 3 , hence k = l = 0. By composing ϕ with the inner automorphism x → t −n a xt n a we may assume n = 0 (note that t a commutes with all t a i ). Thus ϕ(u) = t m a 0 u. As in the proof of Lemma 3.10, we have i(t −m a 0 (a 2 ), y −1 (a 2 )) = 0, where y = t a 0 u. It can be verified, by the bigon criterion, that i(t −m a 0 (a 2 ), y −1 (a 2 )) = |m|, hence m = 0.
Proof of Theorem 1.1. Suppose that ϕ is any automorphism of Mod(N n h ) for h ≥ 5. By Lemma 3.6, there exists f ∈ Mod(N n h ) such that ϕ ′ defined by ϕ ′ (x) = f −1 ϕ(x)f for x ∈ Mod(N n h ) is the identity on D (if h is odd) or E ∪ {t a } (if h is even). By Lemma 3.10 or Lemma 3.11, ϕ ′ restricts to an inner automorphism of PMod + (N n h ). Thus, by composing ϕ ′ with an inner automorphism we obtain ϕ ′′ , which restricts to the identity on PMod + (N n h ). Since C Mod(N n h ) (PMod + (N n h )) is contained in the centralizer of the subgroup generated by all Dehn twits, it is trivial by [11, Theorem 6.2] . Lemma 3.1 implies that ϕ ′′ is trivial, hence ϕ is inner.
